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An analytical model of the Knudsen layer at ablative surfaces has been developed that takes into account the

temperature gradient in the bulk gas and rebound of gas particles by the ablative wall back into the gas region. This

model uses a bimodal velocity distribution function, which preserves the laws of conservation of mass, momentum,

and energy within the Knudsen layer and converges to the Chapman–Enskog velocity distribution function at the

outer boundary of the Knudsen layer. The region of validity of this model and effects of the temperature gradient,

diffusive reflection, and specular reflection on the Knudsen layer properties are calculated.

Nomenclature

a = index for the outer boundary of the Knudsen
layer

b = index for the inner boundary of the Knudsen
layer (for the wall)

B�V , B
u
V , B

�
n,

Bun, B
�
�, B

u
�

= calculated constants

C1 = normalized flux of particles
C2 = normalized flux of momentum
C3 = normalized flux of energy multiplied by two
Ex = energy flux in x direction
f = velocity distribution function
Fevap = distribution function of evaporated particles
fM = Maxwellian velocity distribution function
HK = index for Hertz–Knudsen variables
I = general functions
k = Boltzmann constant
m = mass of an ablated molecule
Mx = mass flux in x direction
n = gas number density
nsat = equilibrium gas number density
n� = number density of diffusively reflected particles
Px = momentum flux in x direction
T = temperature
T0 = temperature of ablated surface
u = directed velocity
VT = thermal gas velocity
Vx = x component of velocity
Vy = y component of velocity
Vz = z component of velocity
� = ratio of the directed velocity to the thermal

velocity
� = general parameter
� = accommodation coefficient, � � 1 for specular

and 0 for diffusive reflection
�a = parameter of the I integrals
�xT = characteristic gradient length

��x� = arbitrary function that satisfies the conditions
��0� � 1 and ��1� � 1

�c = condensation coefficient
�mfp = mean free path
� = collision frequency
�T = thermal conduction parameter
�, ! = condensation constant
" = index describing particles falling to the surface
# = index describing particles leaving the surface
^ = index of normalization
� = index indicating the ratio of Hertz–Knudsen

parameter to the corresponding modeled
parameter

I. Introduction

O NE of the most important issues in computational fluid
dynamics (CFD) modeling of ablation processes is the formu-

lation of boundary conditions at the gas–surface interface. Generally,
such boundary conditions cannot be obtained without analytical or
parametric numericalmodeling of theKnudsen layer formed near the
ablated surface. Therefore, analytical models of the Knudsen layer
are of interest for CFD simulations of ablative flows and have been
widely used for a number of applications such as vaporization of
liquids [1], capillary discharges [2,3], plasma thrusters [4,5], high-
pressure discharges [6], vacuum arcs [7], electroguns [8], laser
ablation [9], and others.

Anisimov [10] was the first to consider details of the vaporization
process for a metal exposed to laser radiation. He used a bimodal
velocity distribution function in the kinetic layer, assuming 1) there
was no absorption of laser radiation in the ablated gas; 2) the gas flow
velocity at the external boundary of the Knudsen layer is equal to the
sound velocity; 3) the temperature of the gas in the equilibrium
region (beyond the Knudsen layer, Fig. 1) is constant, that is, there is
no conductive heat flux to the ablative wall surface; and 4) the
condensation coefficient, defined as the ratio of incident molecules
absorbed by the surface to those that hit the surface, was one, thus
assuming that all particles that hit the ablative surface are absorbed by
it. In the model, Anisimov used mass, momentum, and energy
conservation laws to determine the parameter of his bimodal velocity
distribution function in the Knudsen layer, thus modeling the
collisions in the Knudsen layer. The primary result of his work was
the calculation of the maximal flux of atoms returning to the
evaporating surface, which was found to be about 18% of the flux of
vaporized atoms. Ytrehus [11] has used the Anisimov [10] and his
own bimodal velocity distribution functions in the Knudsen layer to
study the effect of bulk gas pressure on downstream vapor flow. He
has calculated the gas flow velocity at the external boundary of the
Knudsen layer (in the bulk gas) as a function of the ratio of the
equilibrium vapor pressure to the gas pressure in the bulk region. He
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has demonstrated that the differences between the solutions using the
Anisimov approximation and his own (more sophisticated) velocity
distribution function are very small.

Later the Anisimov bimodal velocity distribution function was
used in modeling the vaporization into dense plasmas. Beilis [12,13]
applied this function to study the case of metal vaporization into
discharge plasmas in a vacuumarc cathode spot and thenKeidar et al.
[14–16] for the case of ablation of dielectric walls in capillary
discharges.All those analyticalmodels neglected the conductive heat
flux to the ablative surface. This can be significant because the
temperature in the plasma core is assumed in the models to be much
greater than the temperature of the ablative surface. Consequently,
this results in a heat flux through the Knudsen layer being directed
upward to the plasma chamber, Fig. 1, leading to an inconsistency in
those models.

In the paper of Pekker et al. [17], the authors used a new bimodal
velocity distribution function in the kinetic layer and built a more
general Knudsen layer model, which takes into account the con-
ductivity of the bulk gas. The main impetus of their paper was to
study the effect of thermal conductivity on theKnudsen layer formed
near the ablated surface. They have demonstrated that their model
converges to the previous models [10,12–16] for the case where the
external heat flux to the ablative surface becomes much larger then
the conduction heatflux. This case corresponds to the situationwhere
the external heat source heats only the ablative surface and not the gas
(plasma) as, for example, in the case of laser ablation [10], where the
externally applied laser radiation source heats only the ablating
surface but for which the gas (plasma) is transparent. However, as in
all other bimodal velocity distribution function models, the model in
[17] has assumed that the condensation coefficient is equal to unity.
This limits its applicability to many cases. For example, in water
evaporation experiments, the measured condensation coefficient at
some conditions can be very small, less than 0.1 [18,19]. The
numerical calculations of the condensations coefficients can be
found in [20,21].

We would like to point out the recent paper by Bond and
Struchtrup [1] in which the authors have included the conduction
heat flux in their analytical model of water evaporation. In that paper
the authors have extended the classical collisionless Hertz–Knudsen
model of theKnudsen layer [22,23] to the case of thermal conduction
in the bulk gas, considered diffusive and specular reflections of
particles, and allowed for nonflat wall–gas interfaces. However, their
model ignores collisions in the Knudsen layer, and therefore the law
of the conservation ofmomentumdoes not hold through theKnudsen
layer. It should be stressed that the Hertz–Knudsen assumption of no
collisions in the Knudsen layer is inconsistent because it assumes no
“relaxation” in the kinetic (Knudsen) layer, whereas the velocity
distribution function at the ablative surface has to relax (converge) to
the bulk gas distribution function at the outer boundary of the given
Knudsen layer.

Ideally Monte Carlo simulations or numerical solutions of the
Bhatnar–Gross–Krook (BGK) equation describing the kinetic layer
without any prior approximation of gas velocity distribution function
in that layer should be able to self-consistently describe the conduc-
tive heat flux to the ablating surface. However, this will require
extending the analysis beyond the Knudsen layer region, making it

computationally intensive. As shown in [11,24–27], the models that
use the Anisimov bimodal velocity distribution function, never-
theless, are in good agreement with the experimental finding, direct
simulation Monte Carlo (DSMC), and numerical solutions of BGK
equation. In the recent paper of Pekker et al. [28], the authors
provided analysis of the applicability of a new bimodal velocity
distribution function [17] through comparison of results with the
solutions of the ellipsoidal statistical BGK (ES-BGK) model kinetic
equation. They have demonstrated that the models are in good
agreement and converge with a decrease in the Knudsen number.

Thus, improving the analytical models by including the process of
rebounds of falling particles by the ablative surface back to the
chamber is an important step in developing practical (computation-
ally efficient) solutions for modeling of evaporation processes and
plasma discharges coupled to ablative processes.

In this paper we develop an analytical evaporation (ablation)
model, which extends the Knudsen layer model [17] to the case of
arbitrary condensation and accommodation coefficients. The
Knudsen layer model is presented in the next section. Numerical
results and comparison of the presented model with the generalized
collisionless Hertz–Knudsenmodel are presented in the Secs. III and
IV, respectively. In Sec. V we briefly review the results and present
conclusions.

II. Model

The following sections describe the assumptions and the
model.

A. Gas Distribution Function at the Ablative Surfaces

When a particle in vapor phase hits the ablative wall (solid or
liquid), it can be absorbed by the wall or rebounded back to the gas
region. In general, the rebounded particle will exchange energy and
momentum with “wall” particles. Thus, some knowledge about the
absorption and reflection mechanisms is required. Following the
commonly used simplified model, the absorption and rebound
processes can be described by several coefficients.

The condensation coefficient �c is defined as the ratio of incident
molecules absorbed by the surface to those that actually hit the
surface. Thus, the case where all molecules that reach the surface of
the wall are absorbed by the wall corresponds to �c � 1, and the case
of �c � 0 corresponds to the opposite situation, that is, where all
molecules are rebounded by the wall. Because a molecule hitting the
wall with a higher normal velocity to the wall surface has a larger
probability of being absorbed by the wall, Tsuruta et al. [29]
suggested the condensation coefficient of the form

�c �  �
�
1 � ! � exp

�
�V2

x

V2
T

��
(1)

where  and ! are constants, T0 �m � V2
T=�2 � k� is the temperature

of the ablated surface, m is the particle mass, and Vx is the particle
velocity normal to the wall with the x axis directed from the wall to
the gas chamber, as shown in Fig. 1.

To describe the reflection process we shall adopt the classical
Maxwell model, which assumes that the molecules interact with the
wall in two basic reflection mechanism: 1) specular, where the
particle is reflected back to the chamber in a “mirrorlike” fashion, and
2) diffusive, where the reflected particle does not conserve its energy
that it has before rebounding, but undergoes a completely thermal
interaction with the surface and leaves the surface with the
Maxwellian velocity function probability with the temperature equal
to the wall surface temperature. To distinguish between specular and
diffusive reflection, the commonly used accommodation coefficient
� is introduced, with � � 1 for pure specular reflection and � � 0 for
pure diffusive reflection. For simplicity, we further assume that � is
constant, independent of velocity of the incident particle; this
assumption is used in all previously developed models, see for
example [1] and references therein.

Ablative wall, T = T0

Knudsen layer ~λmfp

nb ,  fb

na , fa

Gas bulk >> λλmfp
Net ablative flux

x 

Fig. 1 Schematic representation of the layer structure near the ablative

surface.
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The gas distribution function fb at the wall can be written as

fb �
(
fb"�Vx; Vy; Vz� Vx > 0

fb#�Vx; Vy; Vz� Vx < 0
(2)

nb �
Z �1
�1

Z �1
�1

Z 1
�1
fb�Vx; Vy; Vz� � dVy � dVz � dVx (3)

where fb# and fb" describe the particles falling to the ablative surface
and leaving the surface, and nb is the particle number density at the
wall.

First let us consider the reflected particles. Following [1], the law
of conservation of mass for reflected particles at the ablative surface
can be written as

Z �1
�1

Z �1
�1

Z
0

�1
�1 � �c� � Vx � fb#�Vx; Vy; Vz� � dVy � dVz � dVx

� n� � �1 � �� �
Z �1
�1

Z �1
�1

Z 1
0

�1 � �c� � Vx

� fMb
�Vx; Vy; Vz; VT� � dVy � dVz � dVx

� � �
Z �1
�1

Z �1
�1

Z 1
0

�1 � �c� � Vx

� fb#��Vx; Vy; Vz� � dVy � dVz � dVx � 0 (4)

where thefirst term is theflux of the particles that are reflected back to
the chamber, the second and the third terms describe the diffusive and
specular fluxes of the reflected particles, n� and

fMb
�
�

1

	 � V2
T

�
3=2

� exp
�
�
V2
x � V2

y � V2
z

V2
T

�
(5)

are the number density and the velocity distribution function of
diffusively reflected particles. Combining the first and the third terms
in Eq. (4) we obtain

n��

�
R�1
�1

R�1
�1

R
0
�1�1��c� �Vx �fb#�Vx;Vy;Vz� �dVy �dVz �dVxR�1

�1
R�1
�1

R1
0 �1��c� �Vx �fMb

�Vx;Vy;Vz;VT� �dVy �dVz �dVx
(6)

Thus, the part of the gas distribution function describing the particles
leaving the ablated surface can be written as

fb" � Fevap�Vx; Vy; Vz� � n� � �1 � �� � �1 � �c�
� fMb
�Vx; Vy; Vz; VT� � � � �1 � �c� � fb#��Vx; Vy; Vz� (7)

where Fevap is the distribution function of the evaporated particles.
Let us obtain Fevap in thermodynamic equilibrium, where the gas
distribution function at the ablated surface shall be Maxwellian with
the equilibrium gas number density nsat dependent on the wall
surface temperature. Thus, in equilibrium, nb � nsat�T0� and
fb � nsat � fMb

, and from Eqs. (6) and (7) we consequently obtain [1]
that n� � nsat and

Fevap � �c � nsat � fMb
�Vx; Vy; Vz; VT� (8)

Assuming that the nonequilibrium between the vapor and ablative
surface has a negligible effect on the evaporation process, such as
strong impacts of vapor particles that kick a wall particle out of the
wall, we can use the vaporization function Eq. (5) in nonequilibrium
conditions, too. This assumption is widely used in ablation and
evaporationmodels, see for example [1,10–17]. Substituting Eqs. (7)
and (8) into Eq. (2) we finally obtain

fb �

8>>><
>>>:
��c � nsat � n� � �1 � ��
� �1 � �c�	 � fMb

�Vx; Vy; Vz; VT�
� � � �1 � �c� � fb#��Vx; Vy; Vz� Vx > 0

fb#�Vx; Vy; Vz� Vx < 0

(9)

where �c and n
� are given by Eqs. (1) and (6). Thus, the surface

temperature of the wall, the condensation and accommodation
coefficients, and the distribution function of incident particles at the
wall fb# determine the gas distribution function at the ablative
surface fb; fb is the gas distribution function at the inner boundary of
the Knudsen layer, Fig. 1.

B. Bimodal Velocity Distribution Function in the Knudsen Layer

Following Anisimov’s method [10,17] the velocity distribution
function in the kinetic layer can be written in the following form,
Fig. 1:

f�x;V� � ��x� � fb�V� � �1 � ��x�	 � fa�V� (10)

fa�V� � na � fMa
�V� �

�
1 �

VTa
�
�
�
�Vx � u�
VTa

�
��Vx � u�2 � V2

y � V2
z

V2
Ta

� 5

2

�
� d
dx
�ln Ta�

��
(11)

fMa
�Vx;Vy;Vz;VTa ;u��

�
1

	 �V2
Ta

�
3=2

�exp
�
�
��Vx�u�2�V2

y�V2
z 	

V2
Ta

�
(12)

where fb is the gas distribution function at the inner boundary of the
Knudsen layer given by Eq. (9) and fa is the Chapman–Enskog
velocity distribution function [30] at the outer boundary of the
Knudsen layer that takes into account the temperature gradient
and directed velocity above the Knudsen layer, in the gas bulk. Here
na,ua,VTa , andTa �m � V2

Ta
=�2 � k� are the number density, directed

velocity, thermal velocity, and temperature; � is the collision
frequency dependent on the temperature and density of the gas,
dTa=dx is the gas bulk temperature gradient at the outer boundary of
the Knudsen layer; ��x� is an unknown function that satisfies the
conditions ��0� � 1 and ��1� � 0. Substituting fb# into Eq. (9) in
the form [10,17]

fb#�V� � � � na � fMa
�Vx; Vy; Vz; VTa ; u� (13)

we complete the Knudsen layer model.
Normalizing all number densities by the equilibrium vapor density

nsat�T0� and all velocities by VT

n̂� � n�

nsat
; n̂a �

na
nsat

; V̂Ta �
VTa
VT

û� u

VT
; T̂a �

V2
Ta

V2
T

(14)

and then substituting Eqs. (5) and (13) into Eq. (6), we obtain the
dimensionless system of equations for the Knudsen layer, which
takes into account the thermal conductivity of the bulk gas and the
specular and diffusive particle reflections from the ablative surfaces,

f̂ b �

8>>>>>><
>>>>>>:

�
1���
	
p
	
3 � ��c � n̂� � �1 � �� � �1 � �c�	

� exp���V̂2
x � V̂2

y � V̂2
z�� � � � �1 � �c�

� � � n̂a �
�

1���
	
p
�V̂Ta

	
3
exp

�
� �V̂x�û�

2�V̂2
y�V̂2

z

V̂2
Ta

	
V̂x > 0

� � n̂a �
�

1���
	
p
�V̂Ta

	
3 � exp

�
� �V̂x�û�

2�V̂2
y�V̂2

z

V̂2
Ta

	
V̂x < 0

(15)
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f̂a � n̂a �
�

1����
	
p
� V̂Ta

�
3

� exp
�
�
�V̂x � û�2 � V̂2

y � V̂2
z

V̂2
Ta

�

�
�
1 �

VT � V̂Ta
�

�
�
�V̂x � û�
V̂Ta

�
��V̂x � û�2 � V̂2

y � V̂2
z

V̂2
Ta

� 5

2

�

� d
dx
�ln Ta�

��
(16)

�c �  � �1 � ! � exp��V̂2
x�	 (17)

n̂ � � � � n̂a �
��1 �  � � I12�V̂Ta ; û� �  � ! � I13�V̂Ta ; û�	

��1 �  � � I10 �  � ! � I11�
(18)

The integrals I are given in Appendix A. It has to be mentioned that
substituting the condensation coefficient equal to one ( � 1 and
!� 0) into Eq. (15), we recovermodel [17], and assuming further no
temperature gradient in the bulk gas, d�ln Ta�=dx� 0 we obtain
Anisimov’s model [10].

Assuming the laws of conservation of mass, momentum, and
energy hold at all times within the Knudsen layer, as it has been
assumed in all previous models [10–17] (quasi-steady-state appro-
ximation within the Knudsen layer), the following integrals are
defined [17]:

C1 �
Z �1
�1

dVz

Z 1
�1

dVy

Z �1
�1

f � Vx � dVx � n̂a � û (19)

C2�
Z �1
�1

dVz

Z 1
�1

dVy

Z �1
�1

f �V2
x � dVx� n̂a �

�
û2�

V̂2
Ta

2

�
(20)

C3�
Z �1
�1

dVz

Z 1
�1

dVy

Z �1
�1

f �V2 �Vx � dVx

� n̂a �
�
û �
�
û2�

5 � V̂2
Ta

2

�
�
�VT � V̂Ta�

�
� d�ln Ta�

dx
�
5 � V̂3

Ta

4

�
(21)

where the values ofC1,C2, andC3 obtained at the outer boundary of
the Knudsen layer (where � is equal to zero), and the mass,
momentum, and energy fluxes are

Mx �m � nsat � VT � C1 (22)

Px �m � nsat � V2
T � C2 (23)

Ex �m � nsat �
V3
T

2
� C3 (24)

Here, Ex consists of the two parts: the conduction heat flux and the
enthalpy flux of the gas moving with a directed velocity, Eq. (21).
Taking into account that integrals C1, C2, and C3 are preserved
through the Knudsen layer and they should be independent of ��x�,
we obtain the following equations corresponding to C1, C2, and C3:

C1 � � � n̂� � �1 �  �	 � I10 �  � ! � �1 � n̂�	

� I11 � � � n̂a � I12�V̂Ta ; û� (25)

C2 � � � n̂� � �1 � �� � �1 �  �	 � I20 �  � ! � �1 � n̂� � �1 � ��	

� I21 � �1� � � �1 �  �	 � � � n̂a � I22�V̂Ta ; û�

� � �  � ! � � � n̂a � I23�V̂Ta ; û� (26)

C3 � � � n̂� � �1 � �� � �1 �  �	 � I30 �  � ! � �1 � n̂� � �1 � ��	

� I31 � �1 � � � �1 �  �	 � � � n̂a � I32�V̂Ta ; û�

� � �  � ! � � � n̂a � I33�V̂Ta ; û� (27)

with integral I given in Appendix A. It is worth noting again that

particle flux through the kinetic layerC1 for given û, n
_

a,�, andV
_

Ta
is

independent of � because the mass flux is independent of how a
particle is rebounded back to the gas by the wall, diffusively or
specularly. In the case of !� 0, the condensation coefficient is
independent of molecular velocity, the system of Eqs. (18) and (25–
27) can be reduced to

n̂ � � � � n̂a �
I12�V̂Ta ; û�

I10
(28)

C1 � � � n̂� � �1 �  �	 � I10 � � � n̂a � I12�V̂Ta ; û� (29)

C2 � � � n̂� � �1 � �� � �1 �  �	 � I20
� �1� � � �1 �  �	 � � � n̂a � I22�V̂Ta ; û� (30)

C3 � � � n̂� � �1 � �� � �1 �  �	 � I30
� �1 � � � �1 �  �	 � � � n̂a � I32�V̂Ta ; û� (31)

This approximation, �c � const, is widely used in the literature
[22,23,31–35]. It has to be stressed that Eq. (18) has an indeterminate
form for the condensation coefficient equal to one ( � 1, !� 0)
and, therefore, for this case Eqs. (28–31) must be used.

Following [17], let us introduce a thermal conduction parameter �T

�T �
VT � V̂Ta
�

� d�ln Ta�
dx



�mfp

�xT
� 1 (32)

where �mfp � VTa=� is the characteristic gas mean free path at the
outer boundary of the kinetic layer and �xT � �d�ln Ta�=dx	�1 is the
characteristic gradient length. The condition in Eq. (32) is needed for
the Chapman–Enskog expansion method and Eq. (21) to be valid.
Thus, our model is limited to relatively small values of the
temperature gradients. It should be mentioned that in a recent paper
[28] the authors demonstrated that the model [17], which is a special
case of the present model with the condensation coefficient equal to
one ( � 1,!� 0), is in good agreement withDSMCand numerical
solution of ES-BGK model kinetic equations for the Knudsen
number less than 0.2. In the future we are planning to investigate the
applicability of our model for a wider region of �, !, and � in a
similar way as it has been done in [28].

In the case of small û� 1 (small Mach numbers) Eqs. (18) and
(25–27) can be further simplified to the following form:

V̂ Ta
� 1� �T � B�V � u

_ � BuV (33)

n̂ a � 1� �T � B�n � u
_ � Bun (34)

�� 1� �T � B�� � u
_ � Bu� (35)

where

B�V �
5 � ����

	
p

8 � �1 � � � � �  � (36)

BuV ��
����
	
p
� �1� � � � �  �

8 � �1 � � � � �  � (37)

B�n ��
5 �

����
	
p
� �3 � � � � �  �

16 � �1 � � � � �  � (38)
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Bun ��
����
	
p
�
�
32 � 27 �  � 32 � � � 9 � �2 �  � 46 � � �  � 18 � �2 �  2 � 9 � �2 �  3 � 14 � � �  2

16 � �1 � � � � �  � �  

�
� 4����

	
p �

�
1� � � � �  

2

�
(39)

B�� �
5 �

����
	
p

16
(40)

Bu� ��
����
	
p
� 9 � �1 � �

2 � 2 � �2 �  � �2 �  2�
16 � �1 � � � � �  �

� 4����
	
p �

�
1� � � � �  

2

�
(41)

The coefficients B have been obtained in Appendix B. As one can
see, for û� 0 (in which case there is no ablation) and for �T > 0 (the
conduction heat flux is directed from the chamber to the wall) the
temperature and density at the outer edge of the Knudsen layer are
correspondingly larger and smaller than one, Eqs. (36) and (38).
These temperature and density jumps between the wall and
Maxwellian gas at the outer boundary of the kinetic layer is a very
well known phenomenon in gas dynamics, see for example [36].
Because the system of linear Eqs. (33–35) is much simpler than the
systems of nonlinear Eqs. (18) and (25–27) and Eqs. (28–31)and
does not need a sophisticated solver algorithm, it can be useful, for
instance, for modeling of water or other liquid evaporation, where
Knudsen layer model is part of a global evaporation model, and
where typically the flow velocities are significantly smaller than the
thermal velocity [1].

In the case of no ablation and no absorption of incident particles by
the wall, u� 0 and �c � 0, Eqs. (18) and (25–27) can be reduced to
the following form:

n� � � � na � V̂Ta (42)

na � V̂2
Ta
� n� � �1 � ��

2
� �1� �� � � � na �

V̂2
Ta

2
(43)

� na � �T �
5 � V̂3

Ta

4
� n� � �1 � ������

	
p � � � n̂a � V̂3

Ta
� �1 � ������

	
p (44)

where n� and na correspond to the number density of diffusively
reflected particles and the particle number density at the outer
boundary of the Knudsen layer, respectively, Eqs. (6), (12), and (13)
with u� 0. Here Eqs. (43) and (44) correspond to the momentum
and energy conservation laws, respectively, holding though the
Knudsen layer; the mass conservation law is trivial, because the wall
does neither evaporate nor absorb particles, only reflect incident
particles. The particle number density at the inner boundary of the
Knudsen layer can be obtained by integration of Eq. (9) with fb#
from Eq. (13) with u� 0, yielding

nb � n� �
�1 � ��

2
� � � � � na �

�1� ��
2

(45)

Solving system of Eqs. (42–45) we can obtain

V̂ Ta
�
�T � ��2T � 4 � � 8

5�
���
	
p � �1����1��� � �T� � 8

5�
���
	
p �1=2

2 � � 8
5�
���
	
p � �1����1��� � �T�

(46)

����T �
5 � V̂2

Ta
�
����
	
p

4 � �1 � �� � �1 � V̂2
Ta
�

(47)

nb
na
� � �

�
V̂Ta �

�1 � ��
2
� �� � 1�

2

�
(48)

Because �T is assumed in the model to be much smaller than one,
Eqs. (42) and (46–48) can be reduced to the following form:

V̂Ta � 1� �T �
5 �

����
	
p

8 � �1 � �� ; �� 1� �T �
5 �

����
	
p

16

nb
na
� 1� �T �

5 �
����
	
p

8
;

n�

na
�
�
1� �T �

5 �
����
	
p
� �3 � ��

16 � �1 � ��

�
(49)

As one can see, the expressions for V̂Ta and � in Eq. (49) concur with
corresponding Eqs. (33) and (35) at û� 0, and that has been
expected. Because the normalized temperature jump for �T � 1 is
about two times larger than the normalized thermal velocity jump,
Eq. (14), we obtain

T̂ a �
Ta
T0
� 1� �T �

5 �
����
	
p

4 � �1 � �� (50)

This equation can be used as a boundary conditions at a nonablative,
nonabsorbing wall for modeling thermal conduction in gases [36].

For pure diffusive reflection � � 0 we obtain T̂a 
 1� �T � 2:2156,
which is closed to the data obtained by other authors [37].

III. Numerical Results

The effect of heat conduction in the case of an external heat flux to
the ablative surface can be calculated, following [12–17], as a
function of �� u=VTa for different �T , Eqs. (25–27). With an
increase in the intensity of the external heat source that heats the
ablative surface, not gas (plasma), the evaporation rate increases as
do flow velocity and �. Thus, the distributions of the Knudsen layer
parameters vs � for different values of �T (different thermal
conduction heatfluxes) indeed represent the effect of heat conduction
in the presence of an external ablative heat source.

Figure 2 shows the calculated parameters of the Knudsen layer for
�T � 0, 0.1, and 0.2 at  � 0:5, � � 0, and !� 0. As one can see,
with an increase in �T , the normalized temperature at the outer

boundary of the Knudsen layer T
_

a � V
_2

Ta increases and the number

density n
_

a decreases; this agrees with [17], where similar
calculations were performed for the case of a condensation
coefficient equal to one. Figure 2 also illustrates the fact that with a
decrease in �T (a decrease in thermal conduction) and increase inflow
velocity or � (an increase in external heat flux to the ablative surface)

the distributions of T
_

a and n
_

a converge to the case of �T � 0 [17]. It
should be stressed that we cannot extend the results of Fig. 2 for
larger �T because the Chapman–Enskog expansion method is valid
only for �T � 1.

Figure 3 shows the distributions of T
_

a and n
_

a and the normalized
back flux of particles for different � and �T � 0:1,  � 0:5, and
!� 0. Here the back flux is the flux of the particle falling to the

ablative surface and is given by � � n̂a � I12�V̂Ta ; û� [by the third term
in Eq. (25)]. As we can seewith an increase in�, the effect of � on the
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��!� 0, and �T � 0, 0.1, and 0.2.

PEKKER 483



temperature and density distributions becomes smaller. This makes
perfect sense because with an increase in Mach number (or in �) the
pure evaporation rate does not change, as shown in Eq. (8), whereas
the back flux decreases as does the number of reflected particles, and,
therefore, the parameters of the Knudsen layer become less depen-
dent on �, as particles are diffusively or specularly reflected. A
tedious analytical analysis shows that the back flux for �� !� 0
and � const is independent of �. That is why the back flux in Fig. 3
shows week dependence on �; with an increase in � the back fluxes
diverge slightly, Fig. 3b.

Figure 4 shows the temperature and density distributions vs �
calculated for different  and �T � 0:1, � � !� 0. The analysis

shows that in this case of � � !� 0, the T
_

a and � are dependent on

�T and �, and independent of  , whereas n
_

a depends on all three
parameters �T , �, and  , as can be seen in Fig. 4.

To investigate the effect of the microscopic condensation
probability, seen in Eq. (1), on the macroscopic parameters of the

Knudsen layer, we have calculated the distributions of T
_

a and n
_

a for
different! and �T � 0:1, � 1, and� � 0, seen in Fig. 5. Thisfigure

shows that with an increase in !, n
_

a decreases. Again, this makes
perfect sense because an increase in ! corresponds to an effective

decrease in the condensation coefficient leading to a decrease in n
_

a,

compare with Fig. 4. An increase in! leads also to an increase in T
_

a,
seen in Fig. 5, indicating that a dependence on the condensation
coefficient of the velocity distribution function can sig-
nificantly change the macroscopic parameters of the Knudsen layer.

To illustrate the restrictions for using the reduced model of the
Knudsen layer, Eqs. (33–35), we have calculated the parameters of

the Knudsen layer vs u
_
using both models: the original system of

Eqs. (18) and (25–27) and the reduced system of Eqs. (33–35).

Figure 6 shows the calculated distributions of T
_

a and n
_

a vs u
_
for

�T � 0,  � 0:5, !� 0, and � � 0. As one can see, the difference
between densities reaches almost 10% for u� 0:05. Thus, using the
reduced system of equations for û larger than 0.05 is dangerous,
particularly for small  and large �, because the coefficient Bun
increases as approximately  �1, and B�V , BuV , and B�n as
approximately �1 � � � � �  ��1, seen in Eqs. (36–39). However,
it is worth noting that this reduced system of equations can be used
for evaporation of liquid [1]. For example, it can be applied to model
the evaporation of the ocean, where evaporation rates are so small
that û is less than 0.05.

IV. Knudsen Layer Analytical Model

One commonly used analytical model of the Knudsen layer is the
classical Hertz–Knudsen model [22,23], which assumes no
collisions in the gas kinetic layer at the wall, the condensation
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coefficient equal to one ( � 1,!� 0), and no thermal conductivity
in the bulk gas. Bond and Struchtrup have shown [1] that in the case
of nonzero thermal conduction to the wall, as long as the vapor is not
too rarefied, the thermal conduction parameter �T � 1, and theMach
number is small, u� VTa , the Chapmen–Enskog theory gives the
same equations for mass and energy fluxes through the discontinuity
region as does the classical Hertz–Knudsen theory

Mx �
m � nsat � VT����

	
p �

m � na � VTa����
	
p (51)

Ex �
m � nsat � V3=2

T����
	
p �

m � na � V3=2
Ta����

	
p (52)

Moreover, Bond and Struchtrup have also generalized the Hertz–
Knudsen theory to the case of the condensation coefficient given by
Eq. (1) and considered diffusive and specular reflection, and nonflat
wall–gas interfaces. However, their model, as well as the classical
Knudsen layer model, ignores collisions in the Knudsen layer and,
therefore, the law of conservation of momentum does not hold
through the Knudsen layer. As mentioned in the Introduction, the
Hertz-Knudsen assumption of no collisions in the Knudsen layer
is inconsistent because it assumes no relaxation in the kinetic
(Knudsen) layer, where the velocity distribution function at the
ablative surface has to relax (converge) to the bulk gas distribution
function at the outer boundary of the Knudsen given, in our case, by
Eq. (11). That is why a comparison between aHertz–Knudsenmodel
and our model is important. Because our model as well as all others,
including the Bond–Schruchtrup–Hertz–Knudsen model, gives the
right asymptotical solution at thermodynamic equilibrium,where the
mass and energyfluxes are equal to zero,we can expect differences in
the Knudsen layer models in the region far from the equilibrium.

We can derive a Hertz–Knudsen model from our general model,
Eqs. (18) and (25–27) by dropping the momentum conservation law
equation, Eq. (26), and taking �� 1, literally using Eq. (15) with
�� 1 for preserving the mass and energy conservation laws within
the Knudsen layer

n̂ � � n̂a �
��1 �  � � I12�V̂Ta ; û� �  � ! � I13�V̂Ta ; û�	

��1 �  � � I10 �  � ! � I11�
(53)

C1 � � � n̂� � �1 �  �	 � I10 �  � ! � �1 � n̂�	 � I11
� n̂a � I12�V̂Ta ; û� (54)

C3 � � � n̂� � �1 � �� � �1 �  �	 � I30 �  � ! � �1 � n̂� � �1 � ��	

� I31 � �1 � � � �1 �  �	 � n̂a � I32�V̂Ta ; û�

� � �  � ! � n̂a � I33�V̂Ta ; û� (55)

Our generalized Hertz–Knudsen model differs from the Bond and
Struchtrup model [1], where they have used first-order Taylor
expansion of Eq. (11) about zero in �; thus, the Bond–Struchtrup
model cannot be used for relatively large �.

Figure 7 represents a comparison of our general model, seen in
Eqs. (18) and (25–27), and the Hertz–Knudsen model, seen in
Eqs. (53–55), for �T � 0, 0.2,  � 0:5, � � 0, and !� 0, the case
where half of the incident molecules are absorbed by the surface and
half are diffusively rebounded back to the gas region. This figure

shows the distributions of �T � THK
a =Ta and �n� nHKa =na vs �, where

THK
a and nHKa are the temperature and number density at the outer

boundary of the Knudsen layer calculated using the Hertz–Knudsen
model. As one can see, in the case of no conduction heat (�T � 0), the

ratios �T and �n converge to unity as �! 0; this is expected because
the case of �T � �� 0 corresponds to thermal equilibrium.
However, with an increase in � (nonthermodynamic region) the

temperature and density distributions calculated by the two models

begin to diverge, and j �T � 1j and j �n � 1j for �� 0:7 reach up to 5
and 10%, respectively. In the case of thermal conduction, with an
increase in �T , the differences in the models rise: for �T � 0:2 and
�� 0, the case of thermal heat conduction to the wall with no

ablation, j �T � 1j and j �n � 1j reach 9 and 8%, respectively, and for
�T � 0:2 and �� 0:7, 6 and 12%. Thus, it has been demonstrated
that our model of the Knudsen layer gives very different results than
the Hertz–Knudsen model.

V. Conclusions

We presented an analytical model of the Knudsen layer near the
ablative surface, taking into account the thermal conductivity in the
adjusted bulk gas and the rebounding of particles from the ablative
wall. This model employs a bimodal velocity distribution function,
extending the previously developed Knudsen layer model [17] to the
case of the sticking coefficient of incident particles to the ablative
surface less than one. The model calculates the parameters of the
Knudsen layer for the condensation coefficient given by Eq. (1) and
an arbitrary accommodation coefficient. The gas mean free path at
the outer boundary of the kinetic (Knudsen) layer in the model is
assumed to be much smaller than the characteristic gradient length;
this condition is needed for the Chapmen–Enskog expansionmethod
to solve theBoltzmann equation used in the paper. Thus, thismodel is
limited to relatively small temperature gradients. In the case of a
larger temperature gradient, a more rigorous model is required, and
only numerical simulation such as DSMC would solve the problem.

The widely used Hertz–Knudsen model and its generalizations
assume no collisions in the Knudsen layer and, therefore, do not
preserve the law of conservation of momentum within the Knudsen
layer; they preserve only the mass and energy conservation laws. In
comparison, our model preserves all three conservation laws. How-
ever, both models give the right asymptotical solution at thermo-
dynamic equilibrium (where the mass and energy fluxes are equal to
zero). That is why it was important to compare these models in cases
that are far from thermodynamic equilibrium. Our calculations show
significant differences between the two models. With an increase in
the thermal conductive heating of the ablated surface or/and in the
flow velocity, the differences between the two models dramatically
increase; for �T � 0:2,  � 1. !� � � 0, and �� 0:7 the
differences in temperatures and density calculated at the outer
boundary of the Knudsen layer reach up to almost 20%.

Ideally Monte Carlo simulation or numerical solutions of the
Boltzmann equations should be able to self-consistently describe the
conductive heat flux to the ablative surface without any prior
approximation of the gas velocity distribution function in the kinetic
layer. However, this will require extending the analysis beyond the
Knudsen layer region, making it computationally intensive. Thus,
our analytical model taking into account heat conduction, molecular
condensation, and accommodation processes is an important step in
developing practical (computationally efficient) solutions to the

T

0.9

0.95

1

1.05

1.1

1.15

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

  = u/VTa

T

n

T = 0

T = 0.2τ

τ

α

Fig. 7 Ratios o the Knudsen layer parameters at the outer boundary of

the Knudsen layer calculated by the general model, represented in

Eqs. (18) and (22–24), and by the Hertz–Knudsen generalized model,

represented in Eqs. (41–43), for � 0:5, ��!� 0, and �T � 0 and 0.2.

PEKKER 485



problem of modeling evaporation processes and plasma discharges
coupled to the ablative surface.

To the best of our knowledge, currently there is no experimental
data that can allow direct experimental verification of the model, and
comparison with direct simulation such as DSMC or BGK
simulation will pay a verification role until a more complete physical
model can be developed.

Appendix A: Integrals for Eqs. (18) and (25–27)
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1����
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Appendix B: Derivations of the Coefficients
for Eqs. (33–35)

Substituting �� 1� �� into Eqs. (A8–A12) and assuming u,
��� 1 we obtain
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where functions Jk���; u� are the expansions of corresponding
functions Ik��; u� to first order in �� and u. Substituting I10, I20, and
I30 from Eqs. (A1–A3) into Eqs. (28–31) and then using functions
J12, J22, and J32, Eqs. (B1–B3), instead of functions I12, I22, and I32
with

n̂ a � 1� �n̂a; V̂Ta � 1� �V̂Ta ; �� 1� �� (B7)

where �n̂a, �V̂Ta , ��, u, and �T are assumed to be much smaller than
one, and after some tedious algebra, we obtain
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n̂ � � 1� ��� �n̂a � �V̂Ta � u �
����
	
p

(B8)

û �
����
	
p
� �2 �  � �  � ���� �n̂a � �V̂Ta� � 0 (B9)

��� �n̂a �
�

 

2� 

�
� �V̂Ta �

�
1� � � � � � 

2� 

�
� û

�
 ����

	
p
�
�
�1� �� � �1� �

2� 

�
� 4����

	
p �

�
1� � � �1� �

2� 

�!
� 0

(B10)

5

4
� �T � ��n̂a � ��� �

 ����
	
p � �V̂Ta �

�
2�  � 2 � � � 2 � � �  ����

	
p

�

� û �
�
9� � � 4 �  � � �  

4

�
� 0 (B11)

The solution of this system of equation can be presented in the
following form:

V̂ Ta
� 1� �T � B�V � u � BuV (B12)

n̂ a � 1� �T � B�n � û � Bun (B13)

�� 1� �T � B�� � u � Bu� (B14)

where

B�V �
5 �

����
	
p

8 � �1 � � � � �  � (B15)

BuV ��
����
	
p
� �1� � � � �  �

8 � �1 � � � � �  � (B16)

B�n ��
5 �

����
	
p
� �3 � � � � �  �

16 � �1 � � � � �  � (B17)

Bun ��
����
	
p
�
 
32 � 27 �  � 32 � � � 9 � �2 �  � 46 � � �  � 18 � �2 �  2 � 9 � �2 �  3 � 14 � � �  2

16 � �1 � � � � �  � �  

!
� 4����

	
p �

 
1� � � � �  

2

!
(B18)

B�� �
5 �

����
	
p

16
(B19)

Bu� ��
����
	
p
� 9 � �1 � �

2 � 2 � �2 �  � �2 �  2�
16 � �1 � � � � �  �

� 4����
	
p �

�
1� � � � �  

2

�
(B20)

Coefficients Bji can be obtained in a similar way for a general case
where ! ≠ 0, Eq. (1).
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